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We use the mathematical theory of plaque growth to determine if there is merit in performing a hemolytic plaque assay
in the presence of an external electric field. In particular, we study the effects of an electric field on the transport of anti-
bodies seereted by a single lymphocyte and on the size and shape of the plaques they produce. Our results indicate that in

the presence of an applied electric field:

(1) The mobility of the antibodies produced by the antibody forming cell can
be determined from the plague shape. (In the electric field the plaques are no longer circular, but cigar shaped.)

(2} By

changing the magnitude or direction of the applied electric field more than one plaque can be generated by a single AFC,

Thus changes in mobility or the rate of antibody secretion can be assayed.

€3) Plaques will reach a steady state size; for

good emittess (cells that secrete antibodies at 2 high rate or that secrete high affinity antibodies) this steady state will be

achieved rapidly.

Equations are given which describe both the temporal development and steady state plague size and shape. From the
equations, computer generated plots of plaques produced by typical antibody forming cells are presented. These plots are
then used to show how pictutes of plagues formed in an electric field can be analyzed to determine the antibody mability.

1. Introduction

Since the introduction of the hemolytic plague as-
say for the detection of single antibody-forming cells
(AFC) (Jerne and Nordin [1], Jeme et al. [2]), a great
deal of effort has gone into improving the technique
(see, for example refs. [3—5]). A major improvement
in sensitivity was achieved through the introduction
of monolayer techniques. Both the liquid monolayer
technique [6,7] and the monolayer techniques which
use support material [5,8—10] have received wide use.

In this paper we point out the advantages of per-
forming the direct hemolytic plaque assay in the pres-
ence of an electric field. We use the recently developed
mathematical theory of hemolytic plaque growth [3,
11—13], to study the effects of an electric field on
the temporal and spatial development of plaques. From
the theory we conclude that in the presence of an elec-
tric field, the plaque technique becomes capable of

* Work pecformed under the auspices of the U.S. Energy
Research Development Administration,

* Parmanent Address: Department of Physics, Fairleigh
Dickinson University, Teaneek, New Jersey 07666.

vielding more information than the presently used
plaque assays.

First recall the properties of plaque growth when
there is no electric field present. Consider an AFC
which is placed in a thin layer at time 7T = 0. The layer
contains red blaod cells (RBC) and complement so
that plaque growth can be monitored continuously.
Assume the AFC begins emitting IgM antibodiec at
time T = T, and emits them at a constant rate for the
remainder of the experiment. For times less than Ty
there is of course no plaque, while for times greater
than Ty a circular plaque develops whose radius, R,
increases with time in the following way:

R? = k(T — T,) m

For a given plaque k is a constant.

The growth of the plaque radius as described by
eq. (1) has been observed in direct plaque experiments
{8,14,15] and has been predicted by theory [12,13].
The theory shows that this result occurs only when
there is lacal equilibrium between the bound and free
antibodies at the plaque radius. In this case only the
equilibrivm constant enters the theory rather than the



350 B. Galdstein, A.S. Perelson/Electrophoretic hemolytic plague assay

the various rate constants which are needed to des-
cribe the detailed kinetics of IgM—RBC binding. This
theoretical result is reviewed in Appendix 1.

As long as an AFC produces antibodies at a con-
stant rate and is in a thin layer, its plaque will continue
to grow. As can be seen from eq. (1), the plaque radius
does not approach a limiting value. However, in the
presence of an electric field the plaque does approach
a final size. Further, for reasonable values of the elec-
tric field (10 V/cm or less), the time to reach the final
size may be quite short (20 min or less). Normally the
speed of plaque growth is limited by diffusion, but in
an electric field there is a rapid transport of antibodies
away from the AFC. If the AFC is a “good emitter”,
by which we mean if it secretes high affinity antibodies
or secretes moderate to low affinity antibodies rapidly,
this transport speeds up plaque growth. However, if
the AFC is a ““poor emitter”, i.e,, if it secretes slowly
or if it secretes low affinity antibodies, then the elec-
tric field may spread these antibodies out so rapidly
that binding to the RBCs will not occur to any appre-

ciable extent. In such circumstances, changing the com- _

position of the medium so as to retard the transport
will increase the sensitivity of the method.

Plaques produced in an electric field will not be cir-
cular but will be cigar shaped. They will be similar to
the patterns seen in rocket immunoelectrophoresis [16—
19]. In rocket immuncelectrophoresis an electric field
causes antigen from a circular well to be transported in-
to a gel containing antibody. Antigen—antibody com-
plexes form and subsequently a curved line of precipi-
tate is observed. In the electrophoretic plaque technique
an electric field causes antibodies emitted by a single
AFC to be transported in a thin layer containing com-
plement and RBC. Antibody binds to the RBC, lysis
occurs, and subsequently a clear plaque is observed.

From the shape of the plague the mobility of the
antibodies produced by the AFC can be determined.

If two plaques produced by antibodies of the same
class but with different electrophoretic mobilities (the
antibodies may have different net charges due to dif-
ferences in their V-regions) are compared the shapes

of the plaques will differ. By analyzing computer gener-
ated pictures we estimate the mobility differences of
20% or greater can easily be detected from plaque
shapes. By determining the number of distinct antibody
1obilities a lower bound on the number of responding
clones mayv be obtained.

This technique seems well suited to test Cunningham’s
suggestion that antibody diversity can be generated after
B cells have been stimulated to proliferate (Cunningham
et al. [20-24]). If Cunningham is correct and single
clones are studied in an electric field, one would expect
to see at least some plagues from the same clone with
different mobilities. One objection to Cunningham’s
conclusion is that AFC from the same clone which have
different emission rates rather than different antibody
specificities may cause the changes in plaque morphology
he observes (Goldstein [25]). Such differences will not
affect the determination of the mobility from plaques
developed in electric fields. A second objection is that
if there is a variation in the emission rate of a single AFC
while the plaque is developing, its morphology in the
Cunningham assay will differ from that of other cells in
the same clone. To correctly determine the mobility
from a plaque produced in an electric field the AFC
must emit antibodies at a constant rate. However since
plaques from good emitters develop rapidly in an electric
field the AFC need emit at a constant rate for only a rela-
tively short period of time. Also it is quite easy to test
whether the AFC is emitting at a constant rate. After the
plaque has reached its final size, reverse the field. If the
AFC emission rate is constant, an identical plaque point-
ing in the opposite direction should develop.

Below we outline the theoretical results for the growth
of plaques in the presence of an electric field. The details
of the calculations are confined to the appendices.

2. The size and shape of plaques in an electric field

We now invesitgate what happens when a uniform
electric field is applied to a thin layer which contains
AFC, RBC, complement, and a support medium, We
consider a single AFC emitting antibodies isotropically
at a constant rate. The electric field will cause the anti-
bodies to migrate with a velocity v = pFE, either parailel
or antiparallel to the direction of the field depending
upon the sign of g, where p is the mobility of the anti-
body in the layer and £ is the magnitude of the electric
field. We assume that the AFC and RBC do not migrate
in the electric field because of the restraint placed on
them by the support medium. (The theory will not hold
for liquid monolayers since the RBC and AFC, as well
as the antibodies, will migrate in the electric field.)

Shortly afker the AFC begins emitting antibodies a
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plaque will appear and rapidly grow to its final size.
To describe the plaque we use a coordinate system
with the AFC at the origin and the antibody velocity
in the x-direction. We use polar coordinates R and 4,
where R is the distance from the AFC to the plaque
boundary and ¢ is the angle between the x-axis and
the radius vector.

The final size and shape of the plaque will depend
on a number of parameters including: e, the number
of binding sites per RBC (epitope density); K, the
antibody--RBC affinity (for IgM, assuming single-site
attachment, this is 10 times the wsual antibody com-
bining site affinity [26]; N, the number of bound anti-
bodies per RBC at the plaque radius; #, the thickness
of the layer; S, the constant antibody emission rate;
D, the diffusion coefficient of the antibody in the
layer; and y = v/2D.* The plaque shape and size can
be determined from the following equation derived
in Appendix 2:71

Q= exp (¥R cos 8) Ky(vYR), )

where K() is 2 modified Bessel function of zero order
[27] and

Q = 27hDN/f(KeS) 3

is a dimensionless constant, Notice that $2 depends
upon the physical and geometrical properties of the
system (it and D), the RBC (g, V) and properties of
the AFC (K, 8).

Eq. (2) depends on the two parameters, v and Q.
Given these parameters one can use eq. (2) to obtain
the plaque boundary. Conversely, given a plaque
(from experiment) one can use eq. (2) to obtain vand
2.

2. 1. Values for the plaque parameters

For IgM, v = pE/2D will range from zero to approxi-
mately 1000 crm— 1. Its exact value will depend on the
value of the electric field used. The upper limit on y
was estimated by assuming a maximum electric field

* The parameter vy is related to the dimensioniess Peclet num-
ber, £, I L is a chazacteristic length, on tite order of a typical
plaque radius, then P = vL/D = 2L [28}].

7 Eq. (2) is an exact result. No assumptions are made about
local equilibrium or the type of binding. Of course, since it
is a steady state result, local equilibrium is certainly obtained,

of 20 v/cm. Above 20 vfcm, heating becomes a prob-
fem in gel electrophoresis experiments {29]. (Since the
times required to develop a plague will be considerably
shorter than those used in gel electrophoresis experi-
ments higher fields might possibly be used.) The diffu-
sion coefficient of IgM in water is 1.7 X 10-7 cm?2/s
{30} while in agar gel it may be assmallas 40X

10~8 cm?/s {31]. The mobility of {gM in the layer
will depend on the detailed makeup of the thin layer.
Marchalonis and Nossal [32] analysed antitody pro-
duced by single cells where the supporting medium
used was a phoroslide TM-cellulose acetate membrane.
In these experiments u ranged from 4.8 X 106 cm2/V's
to —4.0 X 10-6 ecm?2/V s.¥ We expect that it is possible
with other support media to obtain higher values of u
since in solution, at pH 8.6 and ionic strength 0.1, 2
value —2.0 X 10~ ¢m2/V s has been obtained for the
mobility of IgM [33].

The values of most of the parameters which deter-
mine §2 have been discussed in the review paper by
Jerne et al. [3]. Typically e < 6 X 105 [34—38]; for
single site attachment of IgM K =~ 105 M—1 [39];

S == 103 Ab/s but values as high as 1500 Ab/s and as
low as 100 Ab/s have been found in vitro¥ [9,40—42],
and /V has been estimated to be between 1 and 10 for
IgM [3]. The thickness of the layer varies from the
width of a monolayer to a few millimeters. For example
h=12X 10~3cm, in the experiments of Nossal et al.
[14,15].

The value of €2 can be estimated directly from pub-
fished data on the plaque size attained at 7= | h in the
standard thin layer plaque assay. In Appendix 1 we
show [cf., 2q. (1~}

2Q = E,(R*/4D"1),

where D* is the hindered diffusion coefficient discus-
sed in section 3 and £ (+) is the exponential integral
of order one, (For its definition and table of values
see ref, [27].) Hence given the plaque radius R, r =
3600 s, and the diffusion coefficient of the media, §2
can be determined.¥ In fig. 1 we plot £ versus R for

* In the primary response, migration distances d ranged from
+& mm to -3 mun, £ = 35 Vicm and ¢ = | h, g was calcalated
from the formula = dtE.

¥ Values as high as 2 X 10% Ab/s have been found in vivo
[43}.

* This overestimates r since the cell may not have emitted anti-
badies for the full hour, Consequently $2 is also overestimated.
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Fig. 1. Conversion of plaque diameter to §2 vatues for D™ =
8 X 108cm?2/s and r = 3600 s,

D’ =8 X 10-8cm2/s. Using this procedure various
experiments have been analyzed. The ranges of £2
found are shown in table 1. In the experiments of
Merchant and Peterson [4] the distribution of plaque
diameters was given for both RBC antigen and an ar-
senate hapten. For both experiments over 90% of the
plaques had €2 values less than one.
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Fig, 2, The effect of electric field on plaque size. For both
plaques §2 = 1.0. The outer plaque corresponds to ¥ =125 cm™
while the inner plaque corresponds to ¥ = 250 cm™. Since y=
u#FE/2D doubling E would change ~ from 125 to 250 em™.
Typical value. of u, D and E that give these values of -y are
p=4% 106 cm?2/Vs, D=8% 108em2/sand E=§ V/em
and 10 V/cm.

Table 1

Experinicntal range of £2 for direct plaques a)
Range of © Mean value of Ref.
1,4-0.10 0.54 (41
2.8-0.77 0.95 {15]
0.8—0.18 - [53}
1.1-0.13 - {20]

a) All the cited experiments exc=pt those of Cunningham and
Forsham [20] and Merchant and Peterson [4], were done irn
the presence of a support material. For these experiments a
value of D* =8 x 107 cm?/s was used to find 2. These ex-
periments were performed in 2 liquid monolay for which
D* = 1.7 X 1077 em?/s_ The iHustrated value of £ has been
adjusted so as to cortespond to D* = 8 X 1078 cm?/s.

2.2. Plaque shapes

For given values of v and £2 eq. (2) can be solved
numerically to give the coordinates of the plaque
boundary. Although there are many ways to do this,

a straightforward method is to choose a 8 value and
then evaluate the praduct exp (e cos 8) Kg tw) for
various w values. (This can be done with a table of
K(w) values [27] and a pocket calculator.) This is
continued until the w is found for which Q =

exp (¢ cos 8) Kg(w). For this value of w, R = w/f7.
This can be repeated for as many values of & as is de-
sired. For greater speed and accuracy a digital compu-
ter and more sophisticated algorithms, such as Newton’s
method, can be utilized.

In fig. 2 the effect of the electric field on the plaque
size is shown. The smaller plaque was pioduced in a
field twice as large as the field producing the larger
plaque. Increasing E always decreases the final plaque
size. We will see in the next section that increasing £
also decreases the time needed to obtain the final
plaque size. Thus one wants to use some intermediate
value of E, large enough so the plaques develop rapidly,
but small enough so the plaques are of reasonable size.

The fact that increasing £ decreases the plaque size
can be seen directly from eq. (2). The left side is inde-
pendent of E. For a given value of 8 the right side of
eq. (2) is only a function of yR. This means that chang-
ing v scales the size of the plaque. Since 7y is proportional
to E, it follows that for any value of 8, R is proportional
to 1/E. Heuristically one can understand this behavior as
follows. At steady state the rate at which antibodies are
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Fig. 3. The effects of varying € for constant v, For all curves
y=250cm ;2 = 0,5, 0.75, 1.0, and L.5.

transported from the AFC to some volume element
centered at position (R, 8) is counterbalanced by the
rate at which they are transported out of the volume
element. Increasing £, increases the transport rate and
hence more antibodies will be lost by transport out of
the volume element. This lowers the antibody concen-
tration at (R, 8) and one must move closer to the AFC
to find sufficient antibody to lyse 2a RBC, Thus the
plaque size decreases. Because the transpoxt rates have
increased these smaller plaques will form more rapidly.

Notice even when £ # 0, -y will be zero if the sacre-
ted antibody is uncharged (i.e., u = 0). Hence spherical
plaques which grow unbounded can be obtained in the
presence of an elecerical field,

In fig. 3 v is held constant and £2 is varied. As €2 in-
creases, the size of the plaque decreases (this follows
from the fact that as x is decreased, exp (x) Ko(x) in-
creases). Thus, increasing S, X or e, or decreasing # or
N will increase the plaque size. For example, if the in-
ner most plaque corresponded to S = 500 Ab/fs then
for the outer most plaque § = 1500 Ab/s.

In fig. 4 the diffusion coefficient is varied while al!
other parameters are held constant. (Experimentally D
can be changed by changing the composition of the layer.
For example, one can change the agar concentration or
the RBC concentration.) When no field is present the
plaque radius does not reach a steady state. However,
at a fixed time, increasing D will increase the plaque
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Fig. 4. The effect of variations in the diffusion caefficient on
plaque size. All parameters except D were held constant, i.e,,
/D = 1,25 X 10 s/cm? and vD = 10°% cm/s, For curves a, b, ¢
andd, D= 16X 10°7,8X 102, 4 x 10% and 2 x 10 cm/s
respectively. Notice curve b which cormesponds to @ = 1.0,
¥= 125 cm™ and D = 8 X 10°% cm?/s is the same as the
outer curve in fig. 2,

diameter for small values of D and decrease the plaque
diameter after some critical value depending upon XK,
e, S, hand NV, is reached [13]. This decrease in the
plaque radius is due to the lowering of the antibody
concentrations near the AFC by its rapid diffusion
away. When there is any electric field present and p
0 a plaque will reach a steady state size. How the steady
state value of R changes with D depends on the values
of 8, v, and £2. As can be seen from fig. 4, for reason-
able values of the parameters increasing D decreases the
plaque radius in the forward (8 = 0) direction.

2.3. Analyzing plaque data

Given a plaque which has developed in an electric
field one should be able to determine y and Q2.

For an experiment done in an electrical field with
magnitude £, 7 = uE/2D. Hence, from 7 the ratio u/D
can be found. A variation in the V-region of an IgM anti-
bedy will not effect D and hence changes in antibody
charge can be ascertained from studies of . For most
immunological applications D need not be determined.
To abtain the absolute value of p a separate determina-
tion of D would need to be done,

One way to determine -y is from the values of R and
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Fig, 5. Typical piaque with R, 6 and the plaque width A illus-
trated,

@ at which the plaque width, A, is a2 mazimum. We call
these values R* and 0* (see fig. 5). These values satisfy
the following equation (see Appendix 3):

K (R*)[Ky(yR*) = 1/cos 6*. (4)

where Kg(+ ) and Ky (+) are modified Bessel functions
[27]. This is a transcendental equation for 7. One can
calculate K'; (x)/Kq(x) for any x from the tables, or
from the equations (9.8.5—9.8.8) on p. 375 of ref. [27].

We expect that in most cases YR* 3 1. When this
condition holds, eq. (4} can be reduced to the follow-
ing equation:

_ 1
2R* [1 — (3—2/cos 6*)1/2]

T &)

When YR”™ > 1 a second method can be used to
analyze plaque shapes. There will be a wide range of
R values for which YR > 1. For these values the fol-
lowing equation holds (see Appendix 3):

—~IMR=2yR(} ~cos@)+21In 0O, 6)

where @ = 2y/m)Y2 Q.

If one plots — In R against R{1 — cos ) a straight
line with a slope of 27y and an intercept of 2 In © will
be obtained. From the slope and intercept 7y and 2 can
be determined.

3, The time development of plagues in an electric field

To see how long it takes for plaques in an ¢lectric
field to reach their final size, we need expressions which
describe the position of the plaque boundary as a func-

tion of time. We again consider an AFC in a thin layer
which emits antibodies at 2 constant rate. The AFC is
placed in the layer at time 7 = 0 and begins emitting
antibodies at time T = T. We set £ = T — T, where

t is the total emission time of the AFC and T is the
total time it has been in the layer,

The equation from which plaque shape and size
can be determined for any time, and which reduces to
eq. (2) when £ goes to infinity, is (all equations in this
section are derived in Appendix 4):*

=1 exp (7R cos 8) f exp [-u ;(TR)ZMHI due, (7)
8

where 8= R2/4D*t and D¥ is the hindered diffusion
coefficient.t

In figs. 6 and 7 the time development of two plaques
are shown with the electric field both on and off. In
these cases the plaques in the presence of the field
quickly come to their asymptotic limit. In order to com-
pare the £ = 0 and £ 5= O cases, in fig. 8 we have plotted
the plaque area versus time. Notice that the plaques de-
veloped by the standard assay reach a comparable size
in the same time period, so no sensitivity is gained by
using the electric field. At longer times the plaques in
the absence of a field continue to grow and hence even-
tually become larger than their cigar-shaped counter-
parts.

3.1, Approximate expressions for short and long simes

From eq. (7) approximate expressions which hold
at short and long times can be derived. These expres-
sions depend on the dimensionless parameter & where

a=vyiD*:. )

* Eq. (7) is an approximate result. The key assumption made
in obtaining 2q. (7} is that there is local equilibsium between
the free and bound antibody concenizations.

T Because of the binding of the antibedics to RBC, free anti-
body appears to diffuse with a diffusion coefficient D which
is smaller than the true diffusion coefficient D. D* = Df(1 +
Kpg), where pg is the binding site concentration, i.e., pg =
epRBC. where ¢ is the number of sites per RBC and pRrpgc is
the RBC concentration in the layer [44]. In plaque experi-
ments where IgM binds only through single site attachment
the difference between D* and D is negligible (for K =105 M1,
€= 10° and prpe = 2 X 108, a typical RBC concentration in
plaque experiments, Kpg =3.3 X 10°% and hence D* =0,9967 D).
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Fig. 6. Temporat development of a plaque. The curves shown
are for £2 = 1.0. (a) Field on, ¥ = 250 cm™1. (b) Ficld off,

4= 0cm™}, Distances along the x and y axes are measured in

mm. Times are measured in minutes and (=) Iabels the steady
state plagque.

To see why this parameter is important we intro-
duce two characteristic lengths, the characteristic trans-
port length Ly =vt, and the characteristic diffusion
length Lp = (4D*¢ )I =, In terms of these lengths ¢ =
@ E/LO)Z(D*/D)Z Since, in plaque experiments
D* =~ D, when a«> | transport dominates diffusion
(for large enough times this will always be true), while
when o << 1 diffusion dominates transport (for small
enough times this will always be the case since the con-
centration gradients will be very farge).

For & <€ 1 eq. (7) becomes:

2 = exp @R cos §) (El(p) — aE,(B) +~2—l!-a2E3(B) ),
®)

where £,(-) is the exponential integral of order n (for

»=250am™ 00 L
205
5 10 ®
/] =N
~o ot \ oot 002
-001 T
{a)
0.0t
y=Ocm™
£:=05
/‘ \lo 20
-00t

/a
<
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(b}

Fig. 7. Temporal development of a plague formed by a good
emitter, & = 0.5. (a) Field oa, v = 250 cm1, (b) Field off,
=0 cm™, Distances along the x and y axes are measured in
min, Times are measured in minutes and (=) Iabels the steady
state plaque.

its definition and a table of its values see ref. [27],
ch. 5). When 7 is set equal to zero eq. (9) reduces
to the equation for a plaque in the absence of a field
(see Appendix 1, eq. 1-7).

For ae> 1 eq. (7) becomes:

Q=exp (yRcosb)
(10)

As ¢ goes to infinity, e goes to infinity and all the
E,(c) go to zero. Thus, for long times eq. (10) reduces
to eq. (2), the steady state result.

In Appendix 5 we show how eq. (10) can be used to
estimate thetime, t, it takes for a plaque to reach its
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Fig. 8. Comparison of the time development of plaque areas
for a good emitter with and without an electric field, 2 = 0.5.
@)y=250cm™, (b)y=0.

final size in an electric field. Simply stated the plaque
will reach a given radius R when 7 £y (e} > Ko(YR).
Typically this will occur for & greater than 1 but less
than 10, i.e., £, = m/yD*, where m is between 1 and
10.

The mathematical approach used in deriving eq. (7)
is rather general and is applicable to other models of
plaque formation. If instead of assuming that antibody
molecules reversibly bind to RBC and quickly establish
an equilibrium between free and bound forms, we as-
sume that binding is irreversible with forward rate con-
stant kK, then we find

Q* =exp (YR cos 8) f exp [—u Sr R)“[4u] du,
ﬁ'

where v* = (72 + k1 po/D)/2, 2" = 2mnhDN/k eSt,
and 8’ = R2/4Dx. Since a bound antibody is sure to
dissociate if one waits long enough, the irreversible
binding approximation can only be valid for finite
times. We feel that the assumption of reversible bind-
ing of IgM is more appropriate and consequently have
not pursued other binding assumptions. For a general
discussion of irreversible binding see refs, {12,4546].

4. Conclusion

The theoretical results presented in this paper sug-
gest that there are advantages in performing the direct
hemolytic plaque technique in an electric field. Our
work indicates that in the presence of an electric field
a plaque will reach a steady state. The plaque will be
cigar shaped unless, of course, the secreted antibodies
are uncharged. We have shown how such a plaque can
be analyzed to determine the mobility of the secreted
antibodies. The larger the electric field used, the faster
the plaque will develop. However, increasing the elec-
tric field decreases the final plaque size. For any par-
ticular experimental system, one must find the appro-
priate electric field and media composition to work at
in order that the plagues develop rapidly and are of
reasonable size,

We feel that the theoretical studies presented in this
paper justify an effort to develop the electrophoretic
hemolytic plaque technique.
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Appendix 1. Mathematical theory of IgM plaque growth
in two dimensions

In this appendix we outline the mathematicl theory
of the growth of direct placques in thin layers which
contain RBCs and complement. In particular, we con-
sider an AFC in a thin layer of thickness /i. Assume the
AFC emits IgM antibodies at a constant rate S, beginning
at time #g and that these antibodies diffuse in the layer
with a constant diffusion coefficient D. Also, assume that
in the layer the IgM undergoes revessible binding to var-
ious sites on the RBC surfaces.

The mathematical model we shall outline assumes
that the free antibody concentration c{x, y, z, ) is uni-
form in the z-direction and hence that diffusion only oc-
curs in two dimensions. (For monolayers this will cer-
tainly be a good approximation, but for much thicker
layers vertical concentration gradients could develop and
diffusion perpeadicular as well as parallel to the layer
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will be important. For such layers the detailed effects
of the finite width of the layer must be considered.)

Since we assume that diffusion is confined to a
plane, we shall model the AFC as an isotropic cylindri-
cal emitter of antibodies. Taking the emission to be
isotropic assures that when there is no field present
the plaques are circular.

To model the binding of IgM to an RBCwe use a
greatly simplified description and introduce only two
rate constantis, k, , an overall forward rate constant
and k5, an overall reverse rate constant. In terms of
these rate constants, the free antibody concentration,
¢, and the bound site concentration, p, obey the fol-
lowing equations [the AFC is taken to be at the origin
(r = 0) of our coordinate system]

¥_py2._ % SO —
3= P Vie—37+=, 5@, (-1
8plor =kyclpg — p) — Kqp, Q1-2)

where pg, is the initial concentration of free binding
sites, i.e., pg = eprpc, Where e is the number of bind-
ing sites per RBC (the epitope density), and pg g is
the RBC concentration in the layer. 5() is the two-
dimensional Dirac delta function [8(r) = 3(x) ().
The integral of §(7) over any area which includes the
origin equals one,

Eq. (1~-1) describes how the free antibody concen-
tration changes with time at any point in the layer: by
diffusion; by loss or gain of antibadies through binding
to, or release from, RBC surfaces; and, at the origin,
by the production of antibodies at a rate S(2).

The rate of change in the bound site concentration
is described by eq. (I—2). The rate of binding of anti-
bodies to RBCs is assumed to be propostional to the
product of the free antibody concentration and the
free site concentration. The rate of release of bound
antibodies from the RBC surface is assumed to be
simply proportional to the concentration of bound
sites.

To solve eqs. (1-1) and (1-2) we make two addi-
tional assumptions. First we assume that the fraction
of sites bound on any single RBC is small and hence
Pp — P = pg- The justification for this is that the free
antibody concentrations which arise in a layer from
the emission of antibedies by an AFC, at least for
times less than many hours, are not high enough to
cause a large fraction of the sites to be bound. (A pos-

sible exception is the few RBC which may be in the im-
mediate vicinity of the AFC.) With this assumption
eq. (1-2) becomes

apfar=Kkycpy — kyp- a-3

The second assumption is that there is local equili-
brium between.the free and bound antibody concentra-
tions. Since the bound antibody concentration is directly
proportional to the bound site concentration, the local
equilibrivm assumption, can be written as follows:

p= Kpﬂca (l _4)

where K = &k, k5. The justification for this assumption
is that with it, the theory predicts tha observed time
development for direct plaques. Although at first sight
it may seem surprising that for IgM, a molecule capsble
of forming very strong multisite attachments [39], local
equilibrium occurs with RBC antigens, we are led to this
conclusion from the results of time studies on the growth
of direct plaques [8,14,15]. For a detailed discussion of
when it is appropriate to approximate eq. (1—3) by
eq. (1—4), see ref. [44].

If we differentiate eq.(1—4) with respect to tivue and
substitute into eq. (1-—1), the equation for ¢ becomes

S —v2._ 1 o
~BD §y=v-c ~ o+ ar (1-5)
0 <0 .
S >0 This is
just the diffusion or heat equation for a point source in
two dimension, the solution of which is (see, for ex-
ample, eq. (§) on p. 261 of ref. {47]:

where D* = D/(1 + Kpg) and S(¢) = {

o(r, £) = (S/a=Dh) E| (% [AD*1), (1-6)

where r is the radial distance from the AFC and £(-)
is the exponential integral of order I,

To obtain an equation for the plaque radius as a func-
tion of time we assume that at the plaque radius there
are NV antibodies bound per RBC (Jemne [3] has estima-
ted N to be between 1 and 10 for IgM). Thus, at the
plaque radius, p = Npgpc and from egs. (1—~4) and
(1-6) if follows that

4aDhNJKeS = E,(R%/4D"1),
1

where R is the plaque radius.
Since the left side of eq. (1—7) is a constant for any
particular AFC, the right side must also be constant., The

-7
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only way this can be is if the argument of £ is a con-
stant, i.e.,

R?/4D*t = const., (1-8)

from which eq. (1) in the text follows.

Experimentally it has been found that eq. (1-8)
holds for direct plaques and RBC antigens. If hapten-
ated RBC are used, eq. {1—8) will still hold if the hap-
ten density is such that only single site attachment
can oczur.* [For single site attachment IgM will rapidly
dissociate [39] and after very short times lacal equili-
brium will obtain.) To insure that single site attach-
ment is the predominant type of binding, the average
spacing between haptens on the RBC surface should
be larger than the largest distance between the antigen
binding sites on IgM, approximately 350 A. For a RBC
with a surface area of 1.4 X 10~8cm? [49,50] e < 1.1
X 103 will satisfy this condition.

Appendix 2. Steady state solution to the plaque
equations in the presence of an electric field

Once again consider ait AFC, placedatr=0ina
Iayer of thickness /i, which for T 2 T, emits § anti-
baodies per second. Now, however, we shall not make
either of the assumptions of Appendix 1 (i.e., low epi-
tope density and local equilibrium). Further assume
that there is an electric field in the x-direction. The
antibody flux, anywhere in the layer, except atr =0,
is

@-D

where £ is a unit vector in the x-direction, ¢ is the free
antibody concentration, Ve is the gradient of the free
antibody concentration, D is the diffusion coefficient
of the antibody in the gel and v = uE (¢ is the anti-
body mobility and F is the magnitude of the electric
field). The component of J in any direction is the
number of moles of antibody passing a unit area, per-
pendicular to the direction, per unit time.

In the steady state the free and bound antibody

= DV + vci »

* Even if some multisite attachment occurs due to the diffu-
sion of the surface moleculas on the RBC membrane,
local equilibrium will still be obtained as long as the single
site association—dissociation rates are fast compared to the
rate of multisite attachment [26]. Since capping is not usu-
ally observed on RBC [48] the mobility of surface RBC com-
ponents is probably restricted.

concentrations are constant. Therefore, for any closed
volume ¥V of gel with thickness /&, the net number of
antibodies crossing the boundary of V per unit time
equals the number produced per unit time within ¥,
ie.,

v-J=55()h. 2-2)

If we combine eqgs. (2—1) and (2—2) assuming D is
constant we obtain the equation

— (S/h) 8(r) = DV2c — v 3c/ox. 2-3)
Making the substitution

e=exp(yx)g, -4

where ¥ = vf2D, eq. (2—3) becomes

— (S/Dh) exp (— 1) () = (V> — 1 )e- 2-5)

The solution of eq. (2—5} in 2 dimensions which goes
to zero as r approaches infinity is

&= (5/2nhD) Ko (7), (2-6)

where K;(+) is a modified Bessel function [27].
This solution was obtained in the following way.
The Fourier transform of eq. (2—5) is

h 1

QDD k2 ++42
where (k) is the transform of g{r), i.e.,
&)= [ exp (k- NEE k. (2-8)

Y

If we substitute eq. (2—7) into (2—8) and perform
the angular integration,

= & die Sy (kr)

kz-i-'yz .

) =5 J -9

This integral is known (see eq. {(4) on p- 678 in ref.
[51]), the result being eq. (2—6).

From egs. (2—4) and (2--6) we have that the fice
antibody concentration is

e(r, 8) = (§/2nhD) exp (yr cos 8) Ky (),

where x =r cos 8.

In the steady state 9p/dr = 0 and hence from eq.
(1~2) the bound antibody concentration
p=Kecpgl(1 +Kc).

(2—10)
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At the plaque radius 1 > Kb, so that,
o(R,8)= Keppypc c(R, 6). (2-11)

Setting p(R, 8) = Npgpc at the plaque radius, where
N is the number of antibodies bound per RBC, we find

N = (KeS[2ahD) exp (¥R cos 8) Kg(¥R) {2-12)

from which eq. (2) follows.

Appendix 3. Defermining AFC parameters from the
plaque shape

Maximum plague width — In this appendix we find an
expression for the maximum width, A*, of a plaque
formed in an electric field. From fig. 5 it can be seen
that the plaque width, A, at position (R, 8) on the
plaque boundary is given by

A=2FKsinf. G-
To find the values of R and 8 at the maximum width,
we calculate dA/d@ and set it equal to zero.

da_ 2, A 3R

dag a8 OR 88~

Since A=2Rsin g,

dA/d8 = 2R cos 8 + 2 sin 8 dR/38. (3-2)
At A= A%, dA/d6 = 0 and eq. (3—2) becomes

3R/38 = —R* cot 8”. 3G-3)

If we now differentiate eq. (2), the equation for the
plaque, and solve for 9R/38 we obtain

9R[30 =R sin 8/[cos 8 — K; (\R}Ky(vR)]. (3—4)

Setting eq. {3—3) equal to (3—4), cross multiplying
and using the identity cos2¢ +sin28 = I, eq. (4) fol-
lows, i.e.,

Ky (YRR G(RT) = 1/coz 8. (3-3)

When YR * > 1 we can use the asymptotic expan-
sions for the modified Bessel functions (see eq. 9.7.2
on p. 378 of ref, [27]) to approximate the left hand
side of eq. (3—5). To second order in 1/yR %, eq. (3—5)
becomes

1+ 1/29R* — 1/8(yR*)2 = 1Jcos B°. (3-6)
This is 2 quadratic equation in 1/yR", the solution

of which is
1/29R* =1 — (3=2fcos ™)1/2, G-7)
and hence
_ 1
B-8)

2R*[1 — (3—2/cos 6%)1/2}"
Approximate equation for the plague boundary —
When YR > 1,

Ko () = @[29R)? exp (— vR).

(see eq. 9.7.2 on p. 378 of ref. [27].)
If we substitute eq. (3—9) into eq. (2} we obtain,

QR[22 = exp [1R (cos 8 — 1)]. 3-10)
Taking the natural logorithm of eq. (3—-10)

~IMR=2yR(l —cosP+2In 0O,

where 8 = 2y/m)'2.

G-9)

G-11)

Appendix 4. Time dependent plaque growth

The set of equations which describe the growth of
direct plagues in thin layers in the presence of 2 uni-
form electric field £ are the same as those in Appendix 1
(the E = O case) with one difference. With an electric
field present the rate of change of the free antibody
concentration is
3c 2 ac _ 8o
PPt ARl v v
where the electric field has been taken to be in the x
direction. The term v 3¢c/dx follows from the fact that
the flux due to the electric field is uc/, where £ is a unit
vector in the x-direction. Here ¢ = T-T, the duration
time.

The equation for the bound site concentration re-
mains unchanged,

plor = klc(po —p) —k4p-

We now make the same two assumptions we made
in Appendix 1. We assume the fraction of sites that are
bound on any single RBC is small, and that thete is
local equilibrium between the free and bound antibody
concentrations. With these assumptions eq. (4--1) be-
comes

+350), @-1)

@-2)
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1 3c
D* 3t

where D* = D/(1 + Kpg) and v = v/2D. For all points
in the layer exceptatr=0,
e(r,r=0)=0. (4-3b)

Taking the Laplace transform of eq. (4-3), and in-
dicating the transforms of ¢(r, ¢) and S(z) by (-, p)
and §(p), respectively, we obtain

=vZc—2y 3‘ Dh 2®) (4—3a)

~ (E InD)8(r) = 2z — 2y (3F/3x) — g% &,  (4-4)
where g2 = p/D*,

If we let
E=§ exp (¥x), (4--5)

2q. {4—5) becomes
~(8/hD) b(r) exp (—x)= (V-4 F (), (4-6)

where g2 = g% + v2. (For irreversible binding, i.e.,
k, =0, and Py~ P = Py, eq. (4—2) becomes dp/or
= klp e It is easy to see that eq. (4—6) would not
change, ut ¢'2 would equal p/D + y2 + kypo/D.)

An equation of this form was solved in Appendix 2.
From eq. (2—6) it follows that

&(r,p)= S /20hD) Kyla'n. &7
Assuming the emission rate is constant, § = §/p, and
£Gr, p)=(S/2ahDp) Ky(a'r). @-38)
Transforming back we obtain
[ — .4 * L p
I; i refanTe’y dr’

&(r, ) =(S/4nhD) f exp (770"
O

4-9)

(see ref. [52],eq. 1 on p. 304 and eqs. 3 and 13 on
pp. 169 and 170),

If we let § = r?faD*r and u = r2/4D"1t’, eq. (4—9)
becomes

= 2
g(r, 1) =(S/4nhD) f exp (= ; Q) /4e) die. (4-10)
8

From eqgs. (4—5) and (4—10) the expression for ¢ given
in section 3, eq. (7), is obtained:

c(r, )= ihh Dh exp (yrcos )
o vl
X f exXp {"'“ ;{TT) ;43} due. (4_'11)
B8
Observing that
(24 =~+?D"t =0, @-12)

we see that for <€

S
c(r, )= InDi €Xp (yr cos 8)

w2 2 4
expC |y _(r)y Lo lfm) L
o JoEn [ (g) Lot Lo Jun
{(4-13)
Since

exp (—Br)dr=F""1 [ u" exp (—u)du,

E@= [ rn
! g (4—14)

eq. (4—13) can be rewritten as

cr,t)= Zgb—f; exp {(yrcos 8) [El{{i} »—-aEZ(iB)

+25 o E5(B) } ) @—15)

This is eq. (3) in the text.
To obtain the long-time limit, ¢ > I, we rewrite
eq. (4~11)as

or, )= Zar-%f; exp (yr cos §)
3
X~ f "y exp (—~r2/4D*t") exp (—v2D%t") dr".
0 @--16)

Writing the integral from zero to £, {0, £), as H0,=5)
—I{z,~) and usingeq. 9 on p. 340 of ref. [51} we obtain:

e(r, )= 5}%?: exp (yrcos @) [Ko ™

~1 [ @Y exp (-2 D"t exp (-~r21'4£)‘r’)dr'].
j @-17)
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For large ¢, we can expand exp (—r2/4D*¢"). Chang-
ing integration variable to u = £'/¢ gives

S
elr, )= 3aDR %P {ywcos8) K0

—é—fexp(—-au)% (1-L+5 2]

S
= 5.5 ©XP (yr cos 0) [K0(7r)

s

¥3
~1 (gl(a) —BE,(@+5; Ey(@) )] “-18)

which is eq. (10).

Appendix 5. Estimation of the time it takes a plaque
to reach its final size in an electric field

Comparing egs. (10) and (2) we see that when
2
%(El(a) ~BE,(a) +% Eq(c) )< Ky(R), G-1

the plague will approximate its final size. Since 8 is
typically less than 1 and £,,,., <E,,, we can approxi-
mate the left hand side of eq. (5—1) by the first term
% E, (). Now say we want to estimate the time it took
the inner plaque (y= 25, 2 = 1) in fig. 2 to reach its
steady state size. In the @ = 0O direction, R =~ 0.054 mm
and hence YR = 1.35 and Kj(yR) = 0.37. If we require
3 E, (o) to equal 0.01 K(¥R), then we find & = 3.5.
This value of ¢ corresponds to £, = 11.7 min. In fig. 63

we show the computed time development of the plaque.

The plaque at £, would be indistinguishable from the
steady state plaque in an experimental situation.

For directions other than 8 =0, R is smaller at the
plaque boundary and hence K(yR), which decreases
monotonically with ¥R, is larger. To obtain a larger
value of £y (&), @ must be smaller, and hence the time
to reach steady staie must be shorter. In the example
given above for 8 = /2, 1 =~ 8 min. Thus, by the time

steady state is attained in the 8 = O direction, the plaque

has reached its final size.
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